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(DE) $u_{t}+\nabla\cdot A(u)=\triangle\beta(u)$ , $(x,t)\in \mathrm{I}\mathrm{R}^{N}\cross(0, \infty)$ ,
$(\mathrm{I}\mathrm{C})$ $u(x, 0)=u_{0}(x)$ , $u_{0}\in L^{1}\cap L^{\infty}(\iota \mathrm{R}^{N})$ : given,
$(\mathrm{D}\mathrm{E})-(\mathrm{I}\mathrm{c})$ $u=u(X, t)$ , $A=$
$(A^{1}, \cdots, A^{N})\in C^{1}(\mathrm{R};\iota \mathrm{R}^{N}),$ $\beta\in c^{1}(\mathrm{R})$ $\beta$ nondecreasing
, $\beta(\not\equiv \mathrm{C}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}.)$
– , – (DE)




, “ ”, $(\mathrm{D}\mathrm{E})-(\mathrm{I}\mathrm{c})$
,
,
$(\mathrm{D}\mathrm{E})-(\mathrm{I}\mathrm{c})$ , porous medium
, $\beta$
973 1996 96-106 96
–, Gagneux and Madaune-Tort [4] $\Omega(\subset \mathrm{R}^{N})$
$\beta$ : strictly increasing
$A(\xi)=\phi(\xi)G$ , $\phi\in C(\mathrm{R}),$ $G\in \mathrm{R}^{N}$
:
Theorem (Gagneux and Madaune-Tort).
Let $u,$ $\text{\^{u}}\in C([0;T];L1(\Omega))\mathrm{n}L^{\infty}(\Omega \mathrm{X}(0, T))$ are distribution solutions of (DE).
Then
$\int_{\Omega}$ (u(t)–\^u $(t))^{+}dx \leq\int_{\Omega}$ (u(s)–\^u $(S))+d_{X}$ for $0\leq s\leq t$ .
– (DE)




[4] – Kato’s inequality:
$\frac{\partial}{\partial t}|u-\hat{u}|+\nabla\cdot(\mathrm{s}\mathrm{g}\mathrm{n}_{0}(u-\hat{u})[A(u)-A(\hat{u})])$
$\leq\nabla\cdot[\mathrm{s}\mathrm{g}\mathrm{n}_{0}(u-\hat{u})(\nabla\beta(u)-\nabla\beta(\hat{u}))]$ in $\mathscr{B}’(\Omega\cross(0,T))$ ,
Kru\v{z}kov [4]
weak solution $\mathrm{K}\mathrm{r}\mathrm{u}\check{\mathrm{z}}\mathrm{k}\mathrm{o}\mathrm{V}$ :
$\frac{\partial}{\partial t}|u-k|+\nabla\cdot(\mathrm{s}\mathrm{g}\mathrm{n}_{0}(u-k)[A(u)-A(k)])$
$\leq\nabla\cdot(\mathrm{s}\mathrm{g}\mathrm{n}_{0}(u-k)\nabla\beta(u))$ in $\mathscr{B}’(\Omega\cross(0,T))$ ,
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, –
, Yin [9] Vol’pert and












$\bullet$ (DE) $A:v\mapsto\Delta\beta(v)-\nabla\cdot A(V)$
$\bullet$ $A$ ( , , etc)
$\beta$ strictly increasing “
” , nondecreasing
1.
(DE) $A$ $L^{1}(1\mathrm{R}^{N})$ , :
$||v-\hat{v}||_{1}\leq||(\mathcal{I}-\lambda A)v-(\mathcal{I}-\lambda A)\hat{v}||_{1}$ for $v,\hat{v}\in D(A),$ $\lambda>0$ ,
, $L^{1}(\mathrm{R}^{N})$ $\mathrm{s}\mathrm{g}\mathrm{n}_{0(\cdot)}$ , $\mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-\hat{v})$
(DE) $BV$
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, $\mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-\hat{v})$ $\beta$ strictly







Definition 1. $(v, w)\in A(\subset L^{1}(1\mathrm{R}^{N})^{2})$ if and only if
(i) $v\in BV\cap L^{\infty}(\mathrm{I}\mathrm{R}^{N})$ and $\nabla\beta(v),$ $\nabla G(v)\in L^{2}(\mathrm{R}^{N})^{N}$ where $G(r)=$
$\int^{r}\sqrt{\beta’(s)}d_{S}$ ;




$+ \int(\int^{v}\mathcal{H}(\beta(_{S}))a(_{S)d}s)\cdot\nabla\varphi dX$ ,
$\int \mathcal{H}(v)w\varphi dX$
$\leq-\int \mathcal{H}’(v)|\nabla G(v)|2X\varphi d-\int \mathcal{H}(v)\nabla\beta(v)\cdot\nabla\varphi dX$
$+ \int(\int^{v_{\mathcal{H}()}}Sa(S)d_{S)\nabla d}\varphi x$
for all $\varphi\in C_{0}^{\infty}(\mathrm{R}^{N})$ ,
where $a(s)=(d/ds)A(S)$ .
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$\mathcal{H}$ $\mathrm{s}\mathrm{g}\mathrm{n}_{0}(\cdot)$ , test
function
$\mathrm{s}\mathrm{g}\mathrm{n}_{0}(\beta(u)-\beta(k))$ $\mathrm{s}\mathrm{g}\mathrm{n}_{0}(u-k)$
$\beta$ strictly increasing ,
$\mathcal{H}(\cdot)=\mathcal{H}_{j(\cdot-k)}(k\in \mathrm{R})$ :
$\mathcal{H}_{j}(s)=\{$
$-(j\pi/2)^{-1}\cos[(j_{T}/2)s]+j^{-1}$ $(|s|\leq j^{-1})$ ,
$|s|$ $(|s|\geq j^{-1})$ .
$g^{arrow}\infty \mathrm{J}\mathrm{i}\mathrm{m}\mathcal{H}_{j}(s)=|S|$ , $\lim_{jarrow\infty}\mathcal{H}_{j};(s)=\mathrm{s}\mathrm{g}\mathrm{n}\mathrm{o}(_{S}\mathrm{I}$ ,
$\int \mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-k)w\varphi dX\leq-\int \mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-k)\nabla\beta(v)\cdot\nabla\varphi dX$
$+ \int(\int_{k}^{v}\mathrm{s}\mathrm{g}\mathrm{n}\mathrm{o}(s-k)a(s)ds)\cdot\nabla\varphi dx$ .
$k$
$w=\triangle\beta(v)-\nabla\cdot A(v)$ in $\mathscr{B}’(1\mathrm{R}^{N}\cross(\mathrm{o}, \infty))$
$A$ , $\beta_{\mathit{6}}(s)=\beta(s)+\epsilon s(\epsilon>0)$
$A\epsilon^{v:=}\triangle\beta\epsilon(v)-\nabla\cdot A(v)$
Proposition 2. Let $v\in BV\cap L^{\infty}(l\mathrm{R}^{N})$ Then
(i) $\{(\mathcal{I}-\lambda A_{\epsilon)^{-};\epsilon}1v>0\}$ is bounded in $BV\cap L^{\infty}(1\mathrm{R}^{N})$ ;
(ii) $\exists(\epsilon_{n})_{n=1}^{\infty},$ $\epsilon_{n}\downarrow 0$ such that
$v^{\lambda}:= \exists\lim_{narrow\infty}(\mathcal{I}-\lambda A_{\epsilon})^{-1}nv$ in $L^{1}(\mathrm{R}^{N})$
and





For each $v\in L^{\infty}(\mathrm{I}\mathrm{R}^{N})$ and $i=1,$ $\cdots,$ $N$,
$\frac{a^{i}(v)}{\beta(v)},\chi_{E(v)}\in L_{\ell_{\mathit{0}}}^{2}C(\mathrm{R}^{N})$
where $E(v)=\{x\in \mathrm{R}^{N}; \beta’(v(X))>0\}$ .





Proposition 3 Let $v,\hat{v}\in D(A)$ and $\lambda>0$ . Then
$\int \mathrm{s}\mathrm{g}\mathrm{n}_{0}(\beta(v)-\beta(\hat{v}))\cdot(v-\hat{v})dX$
$\leq\int \mathrm{s}\mathrm{g}\mathrm{n}_{0}(\beta(v)-\beta(\hat{v}))\cdot[(\mathcal{I}-\lambda A)v-(\mathcal{I}-\lambda A)\hat{v}]dx$ .
$A$ – $\mathrm{K}\mathrm{r}\mathrm{u}\check{\mathrm{z}}\mathrm{k}\mathrm{o}\mathrm{v}$
, $BV$ (fine Properties)
:
Corollary 4 Let $v,\hat{v}\in D(A)$ and $\lambda>0$ . If $(\mathcal{I}-\lambda A)v=(\mathcal{I}-\lambda A)\hat{v}$ , then
$\beta(v)=\beta(\hat{v})$ for a. $e$ . $x\in 1\mathrm{R}^{N}$ .






$D(A)$ $\mathcal{I}-\lambda A$ ,
:




$Av-A\hat{v}=(\Delta\beta(v)-\mathrm{v}\cdot A(v))-(\triangle\beta(\hat{v})-\nabla\cdot A(\hat{v}))=-(\nabla\cdot A(v)-\nabla\cdot A(\hat{v}))$
$\mathscr{B}’(\mathrm{R}^{N})$ ( $\mathcal{M}(1\mathrm{R}^{N})$ )
$\mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-\hat{v})(Av-A\hat{v})d_{X}=-\mathrm{s}\mathrm{g}\mathrm{n}\mathrm{o}(\overline{v}--\hat{v})dD(A(v)-A(\hat{v}))$
( , $\overline{v}:=(v^{+}+v^{-})/2$ $v$ Vol’pert’s average
value , $\Gamma_{v}:=\{x\in \mathrm{R}^{N} ; v-(x)<v(+x)\}$ , $\overline{v}(x)=v(+)x=$




$= \int \mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-\hat{v})(A(v)-A(\hat{v}))\cdot\nabla\varphi dx$
:.
$+ \int_{\Gamma_{v-\hat{v}}}\varphi[\mathrm{S}\mathrm{g}\mathrm{n}_{0}(v-\hat{v}^{+})-\mathrm{S}\mathrm{g}\mathrm{n}_{0}(v^{-}-\hat{v}-)](A(\overline{v})-A(+-\hat{v}))$




for $\mathscr{L}^{N-1}- \mathrm{a}.\mathrm{e}$ . $X\in\Gamma_{v-\hat{v}}$
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, $\mathcal{I}-\lambda A$
$k\in \mathrm{R}$ $k$ – $(k, \mathrm{O})\in A$
1,
$- \int\varphi \mathrm{s}\mathrm{g}\mathrm{n}_{0}(\overline{v}-k)dDA(v)$
$= \int \mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-k)(A(v)-A(k))\cdot\nabla\varphi dx$
$+ \int_{\Gamma_{v}}\varphi[\mathrm{s}\mathrm{g}\mathrm{n}(v^{+}-k)-\mathrm{s}\mathrm{g}\mathrm{n}_{0}(v--k)](A(\overline{v})0-A(k))\cdot \mathcal{U}_{v}d\mathscr{L}N-1$ .
– , $\mathrm{K}\mathrm{r}\mathrm{u}\check{\mathrm{z}}\mathrm{k}\mathrm{o}\mathrm{v}$ –
$v\mapsto-\nabla\cdot A(v)$ $BV(\mathrm{R}^{N})$ A0 ,
$v\in D(A_{0})\Leftrightarrow[\mathrm{s}\mathrm{g}\mathrm{n}_{0}(v^{+}-k)-\mathrm{S}\mathrm{g}\mathrm{n}\mathrm{o}(v--k)](A(\overline{v})-A(k))\cdot\nu_{v}\leq 0$
for $\mathscr{L}^{N-1}- \mathrm{a}.\mathrm{e}$ . $X\in\Gamma_{v}$




for $\mathscr{L}^{N-1}- \mathrm{a}.\mathrm{e}$ . $X\in\Gamma_{v}$ .
$(D)$ $(J)$ , $\mathrm{K}\mathrm{r}\mathrm{u}\check{\mathrm{z}}\mathrm{k}\mathrm{o}\mathrm{v}$
Lemma :
Lemma 6. Let $v,\hat{v}\in D(A)$ satisfy the jump condition. Then
$[\mathrm{s}\mathrm{g}\mathrm{n}_{0}(v-+\hat{v})+-\mathrm{S}\mathrm{g}\mathrm{n}\mathrm{o}(v--\hat{v}^{-})](A(\overline{v})-A(\hat{v})-)\cdot\nu-\hat{v}\leq v0$
for $\mathscr{L}^{N-1_{-}}a.e$ . $x\in\Gamma_{v-\hat{v}}$ .
$\mathrm{K}\mathrm{r}\mathrm{u}\check{\mathrm{z}}\mathrm{k}\mathrm{o}\mathrm{v}$ $(J)$ $k$ – $\hat{v}\in D(A)$
$1k\not\in L^{1}(\mathrm{I}\mathrm{R}^{N})$ , weight function $L^{1}(\mathrm{R}^{N})$
$L_{\ell_{\mathit{0}}}^{1}(c\iota \mathrm{R}N)$
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$\mathcal{I}-\lambda A$ , $D(A)$ $v$
iump condition
Vol’pert and Hudjaev [7] “discontinuity condition”








$\int \mathcal{H}(v)\varphi\triangle\beta(v)d_{X}=-\int \mathcal{H}’(v)|\nabla G(v)|^{2}\varphi dx-\int \mathcal{H}(v)\nabla\beta(v)\cdot\nabla\varphi dx$,
$- \int \mathcal{H}(v)\varphi\nabla\cdot A(v)dx=\int(\int^{v_{\mathcal{H}(s)}}a(S)dS)\cdot\nabla\varphi dX$
, $\mu:=\Delta\beta(V)$ $\nabla\cdot A(v)$ – $\mathcal{M}(\mathrm{R}^{N})$
, , $\mathcal{H}(v)$
$BV$ , test function
$(E)$ $\int \mathcal{H}(\overline{v})\varphi d\mu=-\int \mathcal{H}’(v)|\nabla G(v)|^{2}\varphi d_{X}-\int \mathcal{H}(v)\nabla\dot{\beta}(v)\cdot\nabla\varphi dx$
, $\leq$









Proposition 8 $N=1$ $(E)$ , $\mathcal{I}-\lambda A$
ProPosition 2 $v\in BV\cap L\infty(\mathrm{R})$
$\{(\mathcal{I}-\lambda A\epsilon)^{-1}v ; \epsilon>0\}$
$L^{1}(\mathrm{R})$ $z$ $D(A)$ , $(I-\lambda A)z=v$
– ,
$\lim_{\epsilon\downarrow 0^{(\mathcal{I}}}-\lambda A_{\epsilon})^{-1}v=(\mathcal{I}-\lambda A)^{-1}v$ in $L^{1}(\mathrm{I}\mathrm{R})$
$A_{\epsilon}$ $L^{1}(\mathrm{R})$ , $A$ $L^{1}(\mathrm{R})$
Theorem 9. Assume that $\beta$ and $A$ satisfy the condition (H). Then, the
following assertions hold:
(i) $A$ is dissipative in $L^{1}(\mathrm{R})$ and $\mathcal{R}(\mathcal{I}-\lambda A)\supset BV\cap L^{\infty}(\mathrm{R})$ .
(ii) For any $v\in BV\cap L^{\infty}(\mathrm{R})$ we have
$T(t)v:= \exists\lim_{\lambda\downarrow 0}(\mathcal{I}-\lambda A)-[t/\lambda]v$ in $L^{1}(l\mathrm{R})$
and the convergence is uniform for bounded $t$ .
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(iii) $\{T(t) ; t\geq 0\}$ forms a nonlinear semigroup in $L^{1}(\mathrm{R})$ with its domain
$BV\cap L^{\infty}(\iota \mathrm{R})$ .
(iv) $u(x,t):=[T(t)v](X)$ is a weak solution for $(\mathrm{D}\mathrm{E})-(\mathrm{I}\mathrm{c})$ with the initial
data $v$ .
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